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 Spanning Regular Caterpillars in Hypercubes
 R . C AHA AND V . K OUBEK
 If a regular caterpillar is a spanning subgraph of a hypercube , then it has 2 n  2  1 legs for some
 n  and its length is 2 m  for some  m .  We prove the converse statement : for every  n  there exists  m 0
 such that for every  m  >  m 0 a regular caterpillar of length 2
 m  with 2 n  2  1 legs is a spanning
 subgraph of a hypercube of dimension  n  1  m .
 Ö  1997 Academic Press Limited
 1 .  I NTRODUCTION
 Parallelism is one of the most important topics in computer science’ even though
 many theoretical parallel models of computation are not technically realizable . This
 inspires investigation of simulation techniques between dif ferent parallel models . A
 hypercube is a typical technical reasonable parallel model , and therefore simulations
 of dif ferent parallel models by a hypercube are studied in many papers . Since any
 simulation , in a broad sense , can be described by some type of embedding between
 graphs , this motivates us to study such embeddings—see the excellent survey papers
 due to Sudborough and Monien [13 ,  14] .
 It is well known that many types of graphs modeling a parallel architecture have an
 embedding into hypercubes ; for example , rings , two-dimensional meshes , higher-
 dimensional meshes , hexagons and almost complete binary trees—see Havel and
 Mora ´  vek [11] , Nebesky ´  [15] and Wagner [16] . The first papers investigating this
 problem were inspired by switching circuits and coding theory , and they established
 some properties of subgraphs of hypercubes—see Djokovic ä [2] , Firsov [5] or Garey and
 Graham [6] . Afrati  et al .  [1] showed that it is NP-complete to decide whether a given
 graph is a subgraph of a hypercube . This result was generalized by Wagner and Corneil
 [17] , who proved that a decision as to whether a given tree is a subgraph of a given
 hypercube is NP-complete .
 We restrict ourselves to an embedding of special trees—caterpillars—into hyper-
 cubes . A characterization of several types of caterpillars , which are spanning subgraphs
 of hypercubes , was given by T . Dvor ä a´ k , F . Harary , I . Havel , J . -M . Laborde , M .
 Lewinter , P . Liebel , M . Mollard and W . Widulski (see [4 ,  7 – 10]) . We continue this
 topic by giving a suf ficient condition for regular caterpillars to be spanning subgraphs
 of a hypercube .
 If a regular caterpillar  G  is a spanning subgraph of a hypercube of dimension  k , then
 there exist positive integers  n  and  m  such that  G  has 2 n  2  1 legs , the length of  G  is 2 m
 and  n  1  m  5  k .  Harary and Lewinter [8] asked whether the converse statement also
 holds . For  n  5  1 it is clear and Dvor ä a ´  k  et al .  [4] have solved this problem for  n  5  2 ;
 they have proved that a regular caterpillar  G  with 3 legs is a spanning subgraph of a
 hypercube if the length of  G  is 2 m  for some  m  >  4 .  Our aim is to generalize their result .
 T HEOREM 1 . 1 .  For e y  ery n  >  1  and for e y  ery m  >  2 n  1  n  2  2  there exists a regular
 caterpillar of length  2 m with  2 n  2  1  legs isomorphic to a spanning subgraph of a
 hypercube of dimension m  1  n .
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 We prove Theorem 1 . 1 by induction over  n —in fact , we prove that if a regular
 caterpillar  G n  with 2
 n  2  1 legs of length 2 m  is a spanning subgraph of a hypercube of
 dimension  m  1  n  satisfying suitable properties , then there exists a regular caterpillar
 G n 1 1  with 2
 n 1 1  2  1 legs of length 2 m 1 2
 n 1 1 being a spanning subgraph of a hypercube of
 dimension  m  1  2 n  1  1  1  n  1  1 with the same properties . Thus if  g  ( n ) is the smallest
 number such that there exists a spanning regular caterpillar subgraph of a hypercube
 with 2 n  2  1 legs and of length 2 g  ( n ) (the dimension of the hypercube is  g  ( n )  1  n ) , then
 g  ( n  1  1)  <  g  ( n )  1  2 n  1  1 . By a result due to Dvor ä a ´  k  et al .  [4] we obtain that  g  (2)  5  4 .
 Moreover , if  G  is a regular caterpillar with  k  2  1 legs and of length  m  >  5 then , by the
 Lemma in [4] ,  G  is not a subgraph of any hypercube of dimension  k  1  1 . Since any
 hypercube of dimension  m  contains two vertices of distance  m  and since any regular
 caterpillar subgraph of a hypercube of dimension  m  has at most  m  2  1 legs , we
 conclude that any spanning regular caterpillar subgraph of a hypercube with at least
 three legs has length at least 5 , and thus we have the following :
 C OROLLARY 1 . 2 .  For e y  ery i  >  2 , we ha y  e
 2 i  2  i  1  2  <  g  ( i )  <  2 i  1  i  2  2 .
 The precise value of  g  ( i ) for  i  .  2 is an open problem .
 The paper is divided into five sections . Section 2 consists of basic definitions and facts
 of graph theory and of basic operations on hypercubes . Section 3 contains an initial
 step of induction—it is a result of Dvor ä a´ k  et al .  [4] . Sections 4 and 5 give the induction
 step of our construction . It is divided into three stages : the first one enlarges a number
 of legs and is the topic of Section 4 ; the second and third stages glue several disjoint
 caterpillar subgraphs of a hypercube into one caterpillar subgraph of a hypercube and
 they are contained in Section 5 .
 2 .  B ASIC N OTATIONS AND F ACTS
 All sets considered in this paper are  finite . The size of a set  X  is denoted by  u X  u .
 The set of all subsets of a set  X  is denoted by exp( X  ) .  Denote by exp e ( X  )  5  h A  Ô  X  ;
 u A u  is  even j . For subsets  A ,  B  Ô  X  , define  D ( A ,  B )  5  ( A \ B )  <  ( B  \ A )  Ô  X .  The following
 statement is folklore :
 P ROPOSITION 2 . 1 .  The set  exp( X  )  with the operation  D  is an Abelian group with the
 identity element  [  for e y  ery set X .
 Since  D  is an associative operation , we shall omit parentheses in any product of  D .
 Thus , for simplicity , we shall write only  D ( A 0  ,  A 1  ,  .  .  .  ,  A k ) and  D ( A 0 )  5  A 0 for
 A 0  ,  A 1  ,  .  .  .  ,  A k  Ô  X .  Since the operation  D  is commutative , the result of
 D ( A 0  ,  A 1  ,  .  .  .  ,  A k )  does not depend on the order of subsets .
 A  graph G  is a pair ( V ,  E ) , where  V  is a set and  E  is a set of two element subsets of
 V .  Then  V  is the set of  y  ertices  of  G  and is denoted by  V  ( G ) and  E  is the set of  edges
 of  G  and is denoted by  E ( G ) .  A graph  G  is called a  subgraph  of  H  if  V  ( G )  Ô  V  ( H )
 and  E ( G )  Ô  E ( H ) .  If , moreover ,  V  ( G )  5  V  ( H ) ,  then  G  is a  spanning subgraph  of  H .
 Two graphs  G  and  H  are  isomorphic  if there exists a bijection  f  :  V  ( G )  5  V  ( H ) such
 that  E ( H )  5  hh  f  ( x ) ,  f  (  y ) j ;  h x ,  y j  P  E ( G ) j ; then  f  is called an  isomorphism  from  G  onto
 H .  If  G 9 is a subgraph of  G , then the subgraph  H 9 of  H  with  V  ( H 9 )  5  f  ( V  ( G 9 )) and
 E ( H 9 )  5  hh  f  ( x ) ,  f  (  y ) j ;  h x ,  y j  P  E ( G 9 ) j  is denoted by  f  ( G 9 ) .
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 If  G 1 and  G 2 are subgraphs of  G , then  G 1  <  G 2 is a subgraph of  G  such that
 V  ( G 1  <  G 2 )  5  V  ( G 1 )  <  V  ( G 2 )  and  E ( G 1  <  G 2 )  5  E ( G 1 )  <  E ( G 2 ) .
 If  G  is a graph and  x ,  y  P  V  ( G ) , then define dist G ( x ,  y ) as the smallest number  n
 such that there exists a sequence  h x  5  x 0  ,  x 1  ,  .  .  .  ,  x n  5  y j  of elements of  V  ( G ) with
 h x i  ,  x i 1 1 j  P  E ( G )  for every  i  5  0 ,  1 ,  .  .  .  ,  n  2  1 . If such a sequence does not exist , then
 dist G ( x ,  y )  is not defined .
 A  rooted tree T  is a tree (i . e . a graph without cycles) with a chosen element
 r ( T  )  P  V  ( T  )  which is called a  root  of  T .  Define  T e  5  h x  P  V  ( T  ) ;  dist T  ( x ,  r ( T  )) is even j
 and  T o  5  V  ( T  ) \ T e  5  h x  P  V  ( T  ) ;  dist T  ( x ,  r ( T  )) is odd j .
 A  caterpillar  is a tree which becomes a path when its leaves are removed . We shall
 be interested in a special type of caterpillars—regular caterpillars . A graph  H  is an
 n - regular caterpillar  of length  m  if  H  is isomorphic to the graph  G , where
 V  ( G )  5  h x i , j ;  i  5  0 ,  1 ,  .  .  .  ,  m  2  1 ,  j  5  0 ,  1 ,  .  .  .  ,  n j
 E ( G )  5  hh x i , 0  ,  x i 1 1 , 0 j ;  i  5  0 ,  1 ,  .  .  .  ,  m  2  2 j
 <  hh x i , 0  ,  x i , j j ;  i  5  0 ,  1 ,  .  .  .  ,  m  2  1 ,  j  5  1 ,  2 ,  .  .  .  ,  n j .
 If  H  is isomorphic to the graph  G 9 , where  V  ( G 9 )  5  V  ( G ) and
 E ( G 9 )  5  E ( G )  <  hh x 0 , 0  ,  x m 2 1 , 0 jj ,
 then  H  is an  n - regular c - caterpillar  of length  m .
 The isomorphic image of  h x i , 0 ;  i  5  0 ,  1 ,  .  .  .  ,  m  2  1 j  in  H  is called a  spine  of  H  and is
 denoted by Sp( H ) .  If  x ,  y  P  Sp( H ) such that  h x ,  y j  P  E ( H ) , then  h x ,  y j  is a  spine edge ,  if
 h x ,  y j  P  E ( H ) and either  x  ¸  Sp( H ) or  y  ¸  Sp( H ) ,  then  h x ,  y j  is a  leg edge .
 A  hypercube  over a set  X  is the graph  Q X  such that  V  ( Q X  )  5  exp( X  ) and
 E ( Q X  )  5  hh A ,  B j ;  A ,  B  Ô  X ,  u D ( A ,  B ) u  5  1 j . Then  u X  u  is called a  dimension  of the
 hypercube  Q X .  Clearly , hypercubes  Q X  and  Q Y  are isomorphic if f  Q X  and  Q Y  have the
 same dimension , i . e .  u X  u  5  u Y u .
 If  G  is a (spanning) subgraph of  Q X  isomorphic to an  n -regular  c -caterpillar , then we
 say that  G  is a ( spanning )  n - regular c - caterpillar in Q X .  Obviously , if  G  is a spanning
 n -regular  c -caterpillar in  Q X  , then the length of  G  is 2 u X  u / ( n  1  1) and  n  1  1 is a power
 of 2 .
 For any fixed subset  A  Ô  X  , define the mapping  D ( 2 ,  A ) so that  D ( 2 ,  A )( B )  5
 D ( B ,  A )  for any  B  Ô  X .  If  G  is a subgraph of  Q X  then , for simplicity , we shall write
 D ( G ,  A )  instead  D ( 2 ,  A )( G ) .
 Any permutation  pi  of a set  X  can be extended to a permutation (we denote it also
 pi  )  of exp( X  ) such that  pi  ( A )  5  h pi  ( a ) ;  a  P  A j  for every subset  A  Ô  X .  The following is
 folklore :
 P ROPOSITION 2 . 2 .  For e y  ery permutation  pi  of a set X , the permutation  pi  is an
 automorphism of Q X . Thus , if G is a  ( spanning )  n - regular c - caterpillar in Q X  , then also
 pi  ( G ) is a  ( spanning )  n - regular c - caterpillar in Q X .
 For e y  ery set X and for e y  ery A  Ô  X , the mapping  D ( 2 ,  A )  is an automorphism of
 Q X . Thus if G is a  ( spanning )  n - regular c - caterpillar in Q X  , then also  D ( G ,  A )  is a
 ( spanning ) n - regular c - caterpillar in Q X .
 Any linearly ordered set  X  of size  n  will be given by a list  X  5  h x 0  ,  x 1  ,  ?  ?  ?  ,  x n 2 1 j .
 Let  X  5  h x 0  ,  x 1  ,  ?  ?  ?  ,  x n 2 1 j  be a linearly ordered set with  n  5  2 i  for some positive
 integer  i .  Denote by  p  5  n  / 2  5  2 i 2 1 and  Y  5  h x 0  ,  x 1  ,  ?  ?  ?  ,  x p 2 1 j .  Define :
 (i)  a permutation  s X  :  X  5  X  such that  s X  ( x j )  5  x j 1 p  for any  j  ,  n , where the addition
 is taken by modulo  n ;
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 (ii)  mappings  f X  ,  b X  :  exp( X  )  5  exp( Y ) such that  f X  ( A )  5  A  >  Y  and  b X  ( A )  5  s X  ( A )  >
 Y  5  s X  ( A \ Y )  for any set  A  Ô  X  (roughly speaking ,  f X  ( A ) is the first half of  A  and
 b X  ( A )  is the second half of  A ) ;
 (iii)  a mapping  τ X  :  exp( X  )  5  X  by induction over  i  such that  τ X  ( [ )  5  τ X  ( h x 0 j )  5  x 0 for
 i  5  0 ;  for  i  .  0 if  τ Y ( D (  f X  ( A ) ,  b X  ( A )))  5  x j  then
 τ X  ( A )  5 H x j x j 1 p
 if  u A \ Y u  is  even ,
 if  u A \ Y u  is  odd ;
 (iv)  a mapping  h X  :  exp( X  )  5  exp( X  ) by
 h X  ( A )  5 5  [ h x 1  ,  x i 2 1 j
 h x 0  ,  x i j
 if  τ X  ( A )  5  x 0  ,
 if  τ X  ( A )  5  x i  and  i  is  odd ,
 if  τ X  ( A )  5  x i  and  i  .  0  is  even .
 Then we have the following :
 L EMMA 2 . 3 .  Let X  5  h x 0  ,  x 1  ,  .  .  .  ,  x n 2 1 j  be a linearly ordered set , where n  5  2 i for
 some positi y  e integer i . Then :
 (1)  τ X  ( h x j j )  5  x j for e y  ery j  P  h 0 ,  .  .  .  ,  n  2  1 j ;
 (2)  τ X  ( D ( h x 0 j ,  h x j j ))  5  x j for any j  5  0 ,  1 ,  .  .  .  ,  n  2  1 ;
 (3)  τ X  ( D ( h x 1 j ,  h x j j ))  5  x j 1 1  for any e y  en j  P  h 0 ,  1 ,  .  .  .  ,  n  2  1 j  and  τ X  ( D ( h x 1 j ,  h x j j ))  5
 x j 2 1 for any odd j  P  h 0 ,  1 ,  .  .  .  ,  n  2  1 j ;
 (4)  τ X  ( h x j  ,  x j 1 1 j )  5  x 1  for e y  ery e y  en j  5  0 ,  2 ,  .  .  .  ,  n  2  2  for n  .  1  and  τ X  ( h x 3  ,  x 4 j )  5  x 7
 for n  >  8 ;
 (5)  if  τ X  ( h x j  ,  x k j )  5  x l  , then l is odd if f j  1  k is odd ;
 (6)  τ X  ( A )  5  τ X  ( B )  if f  τ X  ( D ( A ,  C ))  5  τ X  ( D ( B ,  C ))  for A ,  B ,  C  Ô  X  ;
 (7)  τ X  ( D ( A ,  B ))  5  τ X  ( D ( h τ X  ( A ) j ,  h τ X  ( B ) j ))  for A ,  B  Ô  X  ;
 (8)  if  D ( A ,  B )  5  h x k  ,  x l j ,  τ X  ( A )  5  x r  ,  τ X  ( B )  5  x q for k  ?  l and A ,  B  Ô  X , then r  1  q is
 odd if f k  1  l is odd ;
 (9)  τ X  ( A )  5  τ X  ( h X  ( A ))  for A  Ô  X  ;
 (10)  h D ( h X  ( A ) ,  h X  ( B ) ;  A ,  B  P  exp e ( X  ) j  5  h [ ,  h x 0  ,  x 1 jj
 < H h x 0  ,  x 2 j j ,  h x 1  ,  x 2 j j ,  h x 2 j  ,  x 2 k j ,  h x 0  ,  x 1  ,  x 2 j  ,  x 2 k j ;  j ,  k  5  1 ,  2 ,  .  .  .  ,  n 2  2  1 ,  j  ,  k J ;
 (11)  D ( h X  ( h x j j ) ,  h x 0  ,  x 1 j )  5  h X  ( h x j 1 1 j ) ,  D ( h X  ( h x j 1 1 j ) ,  h x 0  ,  x 1 j )  5  h X  ( h x j j )
 for any e y  en j  5  2 ,  4 ,  .  .  .  ,  n  2  2  and
 D ( h x 0  ,  x 1  ,  x 2 j  ,  x 2 k j ,  h x 0  ,  x 1 j )  5  h x 2 j  ,  x 2 k j ,
 D ( h x 2 j  ,  x 2 k j ,  h x 0  ,  x 1 j )  5  h x 0  ,  x 1  ,  x 2 j  ,  x 2 k j




 (12)  τ X  ( A )  ?  τ X  ( B )  for A ,  B  Ô  X with  u D ( A ,  B ) u  5  2 ;
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 (13)  τ X  ( A )  ?  τ X  ( B )  for A ,  B  Ô  X with  D ( A ,  B )  5  h x 0  ,  x 1  ,  x 2 j  ,  x 2 k j  for  0  ,  j  ,  k  ,  n  / 2 ;
 (14)  τ X  ( A )  ?  x 0  for any A  Ô  X with  u A u  5  2 ;
 (15)  τ X  ( D ( A ,  B ))  5  x 0  for A ,  B  Ô  X if f  τ X  ( A )  5  τ X  ( B ) ;
 (16)  if  D ( A ,  B )  5  h x 0  ,  x 1 j  for some A ,  B  Ô  X , then  D ( h X  ( A ) ,  h X  ( B ))  5  h x 0  ,  x 1 j  and
 h τ X  ( A ) ,  τ x ( B ) j  5  h x 2 j  ,  x 2 j 1 1 j for some j  5  0 ,  1 ,  .  .  .  ,  n  / 2  1  1 .
 P ROOF .  All of the above statements are proved by routine induction over  i . If  i  5  0 ,
 then the statements obviously hold . Set  p  5  n  / 2  5  2 i 2 1 and  Y  5  h x 0  ,  x 1  ,  .  .  .  ,  x p 2 1 j .  Let
 i  .  0 . We assume that the statements hold for  Y , and we prove them for  X .
 By a routine calculation , we obtain from the definition of  τ X  that (1) – (5) hold .
 Let us prove (6) . First assume that  τ X  ( A )  5  τ X  ( B ) and let  C  Ô  X .  Then  u A \ Y u  is even
 exactly when  u B  \ Y u  is even , and hence  u D ( A ,  C ) \ Y u  is even exactly when  u D ( B ,  C ) \ Y u  is
 even . Hence  τ X  ( D ( A ,  C ))  5  τ X  ( D ( B ,  C )) just when
 τ Y ( D (  f X  ( D ( A ,  C )) ,  b X  ( D ( A ,  C ))))  5  τ Y ( D (  f X  ( D ( B ,  C )) ,  b X  ( D ( B ,  C )))) .
 Since
 D (  f X  ( D ( A ,  C )) ,  b X  ( D ( A ,  C )))  5  D (  f X  ( A ) ,  f X  ( C ) ,  b X  ( A ) ,  b X  ( C )) ,
 D (  f X  ( D ( B ,  C )) ,  b X  ( D ( B ,  C )))  5  D (  f X  ( B ) ,  f X  ( C ) ,  b X  ( B ) ,  b X  ( C ))
 and  τ Y ( D (  f X  ( A ) ,  b X  ( A )))  5  τ Y ( D (  f X  ( B ) ,  b X  ( B ))) ,  we obtain by the induction hypothe-
 sis that
 τ Y ( D (  f X  ( A ) ,  b X  ( A ) ,  f X  ( C ) ,  b X  ( C )))  5  τ Y ( D (  f X  ( B ) ,  b X  ( B ) ,  f X  ( C ) ,  b X  ( C ))) ,
 whence  τ X  ( D ( A ,  C ))  5  τ X  ( D ( B ,  C )) .
 If  τ X  ( D ( A ,  C ))  5  τ X  ( D ( B ,  C )) ,  then  D ( A ,  C ,  C )  5  A  and  D ( B ,  C ,  C )  5  B  and the
 foregoing part of the proof implies that  τ X  ( A )  5  τ X  ( B ) .  (6) is proved .
 (7) follows from (1) and (6) , (8) follows from (5) and (7) , and (9) follows from (2)
 and (3) . (10) and (11) are straightforward .
 Let us prove (12) . Let  A ,  B  Ô  X  with  u D ( A ,  B ) u  5  2 . Then exactly one of the following
 possibilities occurs :
 f X  ( A )  5  f X  ( B )  and  u D ( b X  ( A ) ,  b X  ( B )) u  5  2 ;
 u D (  f X  ( A ) ,  f X  ( B )) u  5  u D ( b X  ( A ) ,  b X  ( B )) u  5  1 ;
 u D (  f X  ( A ) ,  f X  ( B )) u  5  2  and  b X  ( A )  5  b X  ( B ) ;
 In the first case we have , by the induction hypothesis ,  τ Y ( b X  ( A ))  ?  τ Y ( b X  ( B )) and ,
 by (6) ,  τ X  ( A )  ?  τ X  ( B ) .
 In the second case ,  u A \ Y u  is even if f  u B  \ Y u  is odd and thus  τ X  ( A )  ?  τ X  ( B ) .
 The third case is dual to the first case , and thus (12) is proved .
 Let us prove (13) . Let  A ,  B  Ô  X  with  D ( A ,  B )  5  h 0 ,  1 ,  2 j ,  2 k j  for 0  ,  j  ,  k  ,  p .  If
 k  ,  m  / 2 , then  A \ Y  5  B  \ Y  and  D ( A ,  B )  5  D (  f X  ( A ) ,  f X  ( B )) .  Thus , by the induction
 assumption and by (6) , we obtain  τ X  ( A )  ?  τ X  ( B ) .  If  k  >  m  / 2 and  j  ,  m  / 2 , then  u A \ Y u  is
 even if f  u B  \ Y u  is odd and thus  τ X  ( A )  ?  τ X  ( B ) .  Finally , if  j  >  m  / 2 , then  u A \ Y u  is even just
 when  u B  \ Y u  is even and hence  τ X  ( A )  ?  τ X  ( B ) if f  τ Y ( D (  f X  ( A ) ,  b X  ( A )))  ?
 τ Y ( D (  f X  ( B ) ,  b X  ( B ))) .  If  j  5  m  / 2 , then  D (  f X  ( A ) ,  b X  ( A ) ,  f X  ( B ) ,  b X  ( B ))  5  h 1 ,  2 k  2  p j . If
 j  ?  m  / 2 , then  D (  f X  ( A ) ,  b X  ( A ) ,  f X  ( B ) ,  b X  ( B ))  5  h 0 ,  1 ,  2 j  2  p ,  2 k  2  p j .  Hence (12) and
 the induction hypothesis complete the proof of (13) .
 (14) follows from (12) , and (15) follows from (7) and (14) .
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 Let us prove (16) . If  D ( A ,  B )  5  h x 0  ,  x 1 j , then  A  5  D ( B ,  h x 0  ,  x 1 j ) and by (2) and (7)
 τ X  ( A )  5  τ X  ( D ( h τ X  ( B ) j ,  h x 1 j )) .  Hence , by (3) ,  h τ X  ( A ) ,  τ X  ( B ) j  5  h x 2 j  ,  x 2 j 1 1 j  for some
 j  5  0 ,  1 ,  .  .  .  ,  p  2  1 . By a direct inspection ,  D ( h X  ( A ) ,  h X  ( B ))  5  h x 0  ,  x 1 j  and thus (16) is
 proved .  h
 The statement (12) from Lemma 2 . 3 can be reformulated to say that a chromatic
 number of the graph  Q 2 X , where  V  ( Q  2 X )  5  exp( X  ) , E ( Q  2 x )  5  hh A ,  B j ;  A ,  B  Ô  X ,
 u D ( A ,  B ) u  5  2 j ,  is  u X  u  whenever  u X  u  5  2 i  for some positive integer  i .  This result was
 stated in [12] (see also [3]) . We present our proof because the mapping  τ X  has other
 properties which play an important role in our construction .
 Let  X  be a set and let  Y  Ô  X  be a subset . For  A  Ô  X  \ Y  and for a subgraph  G  of  Q Y  ,
 define a subgraph  G  %  A  of  Q X  such that  V  ( G  %  A )  5  h B  <  A ;  B  P  V  ( G ) j  and
 E ( G  %  A )  5  hh B  <  A ,  C  <  A j ;  h B ,  C j  P  E ( G ) j .  The following is an easy observation :
 L EMMA 2 . 4 .  Let Y  Ô  X and A  Ô  X  \ Y . Then G  %  A is an n - regular c - caterpillar of
 length m in Q X for any n - regular c - caterpillar G of length m in Q Y .
 Finally , we describe an operation of gluing of  c -caterpillars in a hypercube .
 We say that a triple ( T ,  z  ,  j  ) is ( n ,  m ,  X  )- pasting  for positive integers  m ,  n  and a set
 X  if :
 (B1)  T  is a rooted tree ;
 (B2)  z  is a mapping from  V  ( T  ) into the set of all  n -regular  c -caterpillars of length  m  in
 Q X  ;
 (B3)  j  is a one-to-one mapping from  E ( T  ) into  E ( Q X  ) such that  j  ( h x ,  y j )  P
 E ( z  ( x ))  >  E ( z  (  y ))  for any  h x ,  y j  P  E ( T  ) ;
 (B4)  if dist T ( a ,  b )  ?  0 is even for  a ,  b  P  V  ( T  ) , then  V  ( z  ( a ))  >  V  ( z  ( b ))  5  [ .
 Let ( T ,  z  ,  j  ) be ( n ,  m ,  X  )-pasting and let  x  be an element with  x  ¸  X .  Define a
 subgraph  G 1  5  ( ! h z  ( b ) ;  b  P  T e j )  <  ( ! h z  ( b )  %  h x j ;  b  P  T o j ) of  Q X  < h x j . Let  G  be a
 subgraph of  Q X  < h x j  such that  V  ( G )  5  V  ( G 1 ) and  E ( G ) is obtained from  E ( G 1 ) such
 that , for every edge  h x ,  y j  P  E ( T  ) , if  h A ,  B j  5  j  ( h x ,  y j ) then we replace the edges  h A ,  B j
 and  h A  <  h x j ,  B  <  h x jj  by the edges  h A ,  A  <  h x jj  and  h B ,  B  <  h x jj .  Formally ,
 E ( G )  5  ( E ( G 1 ) \ hh A ,  B j ,  h A  <  h x j ,  B  <  h x jj ;  h A ,  B j
 5  j  ( h x ,  y j )  for  h x ,  y j  P  E ( T  ) j )
 <  hh A ,  A  <  h x jj ,  h B ,  B  <  h x jj ;  h A ,  B j
 5  j  ( h x ,  y j )  for  h x ,  y j  P  E ( T  ) j .
 Denote  G  5  GLUE( T ,  z  ,  j  ,  x ) .
 L EMMA 2 . 5 .  If  ( T ,  z  ,  j  )  is  ( n ,  m ,  X  )- pasting , then  GLUE( T ,  z  ,  j  ,  x )  is an n - regular
 c - caterpillar of length m  u V  ( T  ) u  in Q X  < h x j  for any x  ¸  X .
 P ROOF .  We prove the statement by an induction over the size of  V  ( T  ) .  If
 u V  ( T  ) u  5  1 , then the statement holds . Assume that the statement holds for any
 ( n ,  m ,  X  )-pasting ( T  9 ,  z  9 ,  j  9 ) with  u V  ( T  9 ) u  ,  i  and let  u V  ( T  ) u  5  i .  Choose a leaf  t  P  V  ( T  )
 of  T  and let  h t 9 ,  t j  P  E ( T  ) .  Denote by  T  9 a tree obtained from  T  such that we omit the
 leaf  t , and let  z  9 and  j  9 be the restriction of  z  and  j  on  T  9 . Denote  G 9  5
 GLUE( T  9 ,  z  9 ,  j  9 ,  x ) .  By the induction hypothesis ,  G 9 is an  n -regular  c -caterpillar of
 length  m ( i  2  1) in  Q X  < h x j . Assume that  t  P  T e  and  h A ,  B j  5  j  ( h t ,  t 9 j ) .  Clearly ,  V  ( G 9 )  >
 V  ( z  ( t ))  5  [  and  h A  <  h x j ,  B  <  h x jj  P  E ( G 9 ) ,  h A ,  B j  P  E ( z  ( t )) .  If we replace edges
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 h A ,  B j ,  h A  <  h x j ,  B  <  h x jj  by edges  h A ,  A  <  h x jj ,  h B ,  B  <  h x jj , we obtain an  n -regular
 c -caterpillar of length  mi  in  Q X  < h x j , and this subgraph is equal to GLUE( T ,  z  ,  j  ,  x ) . If
 t  P  T o , the proof is dual .  h
 The following is an easy but important consequence of Lemma 2 . 5 .
 C OROLLARY 2 . 6 .  If there exists a spanning n - regular c - caterpillar in Q X  , then there
 exists a spanning n - regular c - caterpillar in Q Y for any Y  Ò  X .
 P ROOF .  Assume that  G  is a spanning  n -regular  c -caterpillar in  Q X .  Let  T  be a
 rooted tree with  u V  ( T  ) u  5  2 . Define  z  ( t )  5  G  for every  t  P  V  ( T  ) and  j  ( h t 9 ,  t j )  5  e  for
 some  e  P  E ( G ) and  h t 9 ,  t j  P  E ( T  ) .  Then ( T ,  z  ,  j  ) is ( n ,  m ,  X  )-pasting , where  m ( n  1
 1)  5  2 u X  u  and , by Lemma 2 . 5 ,  H  5  GLUE( T ,  z  ,  j  ,  x ) is a spanning  n -regular  c -caterpillar
 in  Q X  < h x j . The statement follows by an easy induction over  u Y  \ X  u .  h
 Let ( T ,  z  ,  j  ) be ( n ,  m ,  X  )-pasting . Then , for every  A  Ô  X  define Tr A ( T ,  z  ,  j  )  5
 ( T ,  z A  ,  j A )  such that  z A ( t )  5  D ( z  ( t ) ,  A ) for every  t  P  V  ( T  ) and  j A ( h t ,  t 9 j )  5
 D ( j  ( h t ,  t 9 j ) ,  A )  for every  h t ,  t 9 j  P  E ( T  ) (thus Tr A ( T ,  z  ,  j  ) is obtained by a pushing of
 ( T ,  z  ,  j  )  by a permutation  D ( 2 ,  A )) .  Then we have the following :
 L EMMA 2 . 7 .  If  ( T ,  z  ,  j  )  is  ( n ,  m ,  X  )- pasting , then  Tr A ( T ,  z  ,  j  )  is  ( n ,  m ,  X  )- pasting
 for e y  ery A  Ô  X .
 P ROOF .  The statement follows by a direct calculation from Proposition 2 . 2 .  h
 3 .  T HE I NITIAL S TEP
 Our construction is presented in this and the next sections . This section introduces all
 basic notions and describes the initial induction step .
 If  n  1  1 is a power of 2 , then a set  X  is called  n - usable  if two distinct points  y  0  ,
 y  1  P  X  and a linearly ordered set  U  5  h u 0  ,  u 1  ,  ?  ?  ?  ,  u n j  Ô  X  , with  y  0  ,  y  1  ¸  U  given .
 Thus  u U u  5  n  1  1 . For an  n -usable set  X  , we denote lo( X  )  5  U ,  e 0 ( X  )  5  y  0  , e 1 ( X  )  5  y  1  .
 A family  &  5  h G i ;  i  P  I j  of subgraphs of  Q X  is called a  spanning  ( n ,  m )- regular
 caterpillar family  (or , for short , an ( n ,  m )-SRCF) if
 (i)  X  is  n -usable ;
 (ii)  G i  is an  n -regular  c -caterpillar in  Q X  of length  m  for every  i  P  I ;
 (iii)  h V  ( G i ) ;  i  P  I j  is a family of disjoint subsets of exp( X  ) and  ! i P I  V  ( G i )  5  exp( X  ) .
 Our construction uses special ( n ,  m )-SRCFs , so-called constructible ones . First we
 give several definitions . Let  X  be  n -usable and let lo( X  )  5  U  5  h u 0  ,  u 1  ,  ?  ?  ?  ,  u n j .  An
 edge  h A ,  B j  P  E ( Q X  ) is called an  x - edge  for some  x  P  X  if  D ( A ,  B )  5  h x j .  Let
 &  5  h G i ;  i  P  I j  be an ( n ,  m )-SRCF . Then we say that :
 (i)  A  Ô  X  is an  x - y  ertex  in  &  if  A  Ô  U ,  u A u  is even , and there exist  i  P  I  with  A  P  Sp( G i )
 and a spine  x -edge  h A ,  B j  P  E ( G i ) for  x  P  X  \ U , x  ?  e 0 ( X  ) ;
 (ii)  A  Ô  X  is an  x -1 y  ertex  in  &  if  A  Ô  U  <  h e 0 ( X  ) j  with  e 0 ( X  )  P  A ,  u A u  is odd , and there
 exist  i  P  I  with  A  P  Sp( G i ) and a spine  x -edge  h A ,  B j  P  E ( G i ) for  x  P  X  \ U ,
 x  ?  e 0 ( X  ) .
 An ( n ,  m )-SRCF  &  5  h G i ;  i  P  I j  is called  constructible  if it satisfies the following :
 (A1)  D ( A ,  B )  Ô  U  for every leg edge  h A ,  B j  P  E ( G i ) and every  i  P  I ;
 (A2)  for any  A  P  Sp( G i ) , B  P  Sp( G j ) with  i ,  j  P  I ,  if  D ( A ,  B )  Ô  U  then  u D ( A ,  B ) u  ?  2
 and  D ( A ,  B )  ?  h u 0  ,  u 1  ,  u 2 k  ,  u 2 l j  for any 0  ,  k  ,  l ;
 (A3)  A  is an  x -vertex in  &  whenever  A  Ô  U  such that  u A u  is even and  τ U ( A )  5  u 0 ;
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 (A4)  A  <  h e 0 ( X  ) j  is an  x -1vertex in  &  whenever  A  Ô  U  such that  u A u  is even and
 τ U ( A )  5  u 1 ;
 (A5)  for every  x -vertex  A  in  &  with  τ U ( A )  5  u 0 , there exist an  x -vertex  B  in  &  and an
 e 1 ( X  )-vertex  C  in  &  such that  D ( C ,  h u 0  ,  u 1  ,  e 0 ( X  ) j ) and  D ( B ,  h u 0  ,  u 1  ,  e 0 ( X  ) j ) are
 e 1 ( X  )-1vertices in  &  and  τ U ( B )  5  τ U ( C )  5  u 0 ;
 (A6)  h u 0  ,  u 1  ,  u 2  ,  u 3 j  is an  e 1 ( X  )-vertex in  &  whenever  n  >  3 , and  h u 1  ,  u 3  ,  u 4  ,  u 6 j  is an
 e 1 ( X  )-vertex in  &  whenever  n  >  7 .
 Observe several simple properties of constructible ( n ,  m )-SRCFs :
 L EMMA 3 . 1 .  If  &  5  h G i ;  i  P  I j  is a constructible  ( n ,  m )- SRCF , then :
 (1)  if A is an x - y  ertex in  & , then  h A ,  A  <  h x jj  P  E ( G i )  for some i  P  I ;
 (2)  if A  <  h e 0 ( X  ) j  is an x -1 y  ertex in  &  for A  Ô  U , then  h A  <  h e 0 ( X  ) j , A  <  h e 0 ( X  ) ,  x jj  P
 E ( G i ) for some i  P  I .
 We recall a result due to Dvor ä a´ k  et al .  [4] :
 T HEOREM 3 . 2 [4] .  There exists a spanning  3- regular caterpillar in Q X if f  u X  u  >  6 .
 To prove that for every set  X  with  u X  u  >  6 there exists a spanning 3-regular
 caterpillar in  Q X  it suf fices , by Corollary 2 . 6 , to construct a spanning 3-regular
 c -caterpillar in  Q X  for a set  X  with  u X  u  5  6 . We recall a construction given by Dvor ä a ´  k  et
 al .  Let  X  5  h u 0  ,  u 1  ,  u 2  ,  u 3  ,  y  0  ,  y  1 j .  Set  A 0  5  [ , A 1  5  h u 0 Û , A 2  5  h u 0  ,  y  0 j , A 3  5
 h u 0  ,  u 1  ,  y  0 j , A 4  5  h u 0  ,  u 1  ,  y  0  ,  y  1 j , A 5  5  h u 0  ,  u 1  ,  u 2  ,  y  0  ,  y  1 j , A 6  5  h u 0  ,  u 1  ,  u 2  ,  y  1 j , A 7  5
 h u 0  ,  u 1  ,  u 2  ,  u 3  ,  y  1 j , A 8  5  h u 0  ,  u 1  ,  u 2  ,  u 3 j , A 9  5  h u 1  ,  u 2  ,  u 3 j , A 1 0  5  h u 1  ,  u 2  ,  u 3  ,  y  0 j , A 1 1  5
 h u 2  ,  u 3  ,  y  0 j , A 1 2  5  h u 2  ,  u 3  ,  y  0  ,  y  1 j , A 1 3  5  h u 3  ,  y  0  ,  y  1 j , A 1 4  5  h u 3  ,  y  1 j  and  A 1 5  5  h y  1 j .
 Define a spanning subgraph  C 2 of  Q X  so that  V  ( C 2 )  5  V  ( Q X  ) and  E ( C 2 )  5  hh A i  ,  A i 1 1 j ;
 i  5  0 ,  1 ,  .  .  .  ,  15 j  <  hh A i  ,  B j  P  E ( Q X  ) ; i  5  0 ,  1 ,  .  .  .  ,  15 ,  D ( A i  , B )  Ô  U j ,  where the addi-
 tion is taken by modulo 16 . Then we have the following :
 L EMMA 3 . 3 [4] .  C 2  is a spanning  3- regular c - caterpillar in Q X . Moreo y  er ,  Sp( C 2 )  5
 h A i ;  i  5  0 ,  1 ,  .  .  .  ,  15 j .
 Next we strengthen Lemma 3 . 3 . Assume that lo( X  )  5  U  5  h u 0  ,  u 1  ,  u 2  ,  u 3 j  and
 e i ( X  )  5  y  i  for  i  5  0 ,  1 ; then  X  is 3-usable .
 L EMMA 3 . 4 .  #  5  h C 2 j  is a constructible  (3 ,  16)- SRCF .
 P ROOF .  A verification of (A1) is straightforward . Since  D ( A i  ,  A j )  Ô  U  if f either
 i ,  j  P  h 0 ,  1 ,  8 ,  9 j , or  i ,  j  P  h 2 ,  3 ,  10 ,  11 j ,  or  i ,  j  P  h 4 ,  5 ,  12 ,  13 j ,  or  i ,  j  P  h 6 ,  7 ,  14 ,  15 j , we
 conclude (A2) because  u D ( A i  ,  A j ) u  <  1 just when  u i  2  j u  <  1 and  u D ( A i  ,  A j ) u  >  3 just when
 u i  2  j u  >  7 .  By a direct inspection , we obtain (A3) , (A4) , (A5) and (A6) .  h
 This fact is exploited as an initial step in our construction . An induction step is
 described in the following two sections , where the following notions will be needed .
 We assume that an  n -stable set  X  and (2 n  1  1)-usable sets  Y ,  Z  and  Z 9 are given ,
 where  n  1  1  5  2 i  for some integer  i  >  2 and :
 (i)  X  Ô  Y  Ô  Z  Ô  Z 9 ;
 (ii)  e j ( X  )  5  e j ( Y )  5  e j ( Z )  5  e j ( Z 9 )  5  e j  for  j  5  0 ,  1 ;
 (iii)  lo( X  )  5  U  5  h u 0  ,  u 1  ,  ?  ?  ?  ,  u n j ,  lo( Y )  5  lo( Z )  5  lo( Z 9 )  5  V  5  h u 0  ,  u 1  ,  ?  ?  ?  ,
 u 2 n 1 1 j ;
 (iv)  Y  \ X  5  h u n 1 1  ,  u n 1 2  ,  .  .  .  ,  u 2 n 1 1 j , Z  \ Y  5  h  y j , Z 9 \ Z  5  h z j .
 Denote  m  5  2 u X  u / ( n  1  1) and  m 9  5  2 n 1 2 m  / ( n  1  1) .
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 Further define a permutation  m Y  :  Y  5  Y  and a permutation  r Z  :  Z  5  Z  so that :
 (i)  m Y p V  5  s V  and  m Y ( x )  5  x  for any  x  P  Y  \ V  ;
 (ii)  for  n  5  3 , set  r Z ( u 1 )  5  u 2  ,  r Z ( u 2 )  5  u 1  ,  r Z ( u 5 )  5  u 6  ,  r Z ( u 6 )  5  u 5 and  r Z ( x )  5  x  for
 x  P  Z  \ h u 1  ,  u 2  ,  u 5  ,  u 6 j ;
 (iii)  for  n  .  3 , set  r Z ( u 0 )  5  u 1  ,  r Z ( u 1 )  5  u 0  ,  r Z ( u n 2 1 )  5  u 2  ,  r Z ( u n 1 1 )  5  u n 1 2  ,  r Z ( u n 1 2 )  5
 u n 1 1  ,  r Z ( u 2 n )  5  u n 1 3  ,  r Z ( u j )  5  u j 1 2 for any even  j  5  2 ,  4 ,  .  .  .  ,  2 n  2  2 with  j  ?  n  2  1 ,
 n  1  1 ,  and  r Z ( x )  5  x  for  x  P  Z  \ ( h u 1  ,  u n 1 2 j  <  h u 2 j  ;  j  5  0 ,  1 ,  .  .  .  ,  n j ) .
 Finally , for  A  Ô  X  and  B  Ô  U , define a set  A  1 <  B  Ô  Y  such that  A  1 <  B  5  A  <  s V  ( B ) .
 Observe that  m Y ( A  1 <  B )  5  ( B  <  ( A \ U ))  1 <  ( A  >  U ) .  For a subgraph  G  of  Q X  and for
 B  Ô  U , define a subgraph  G  1 <  B  of  Q Y  by  V  ( G  1 <  B )  5  h A  1 <  B  ;  A  P  V  ( G ) j  and
 E ( G  1 <  B )  5  hh A  1 <  B ,  A 9  1 <  B j ;  h A ,  A 9 j  P  E ( G ) j .
 4 .  E NLARGEMENT OF A N UMBER OF L EGS
 For any  n -regular  c -caterpillar  G  in  Q X  and for any  A  P  exp e ( U ) , let us define a
 subgraph  G  ^  A  of  Q Y  such that we add vertices  h B  1 <  C ;  B  P  Sp( D ( G ,  h U ( A ))) , C  Ô  U ,
 u D ( A ,  C ) u  5  1 j  and edges  hh B ,  C j  P  E ( Q Y ) ;  B  P  Sp( D ( G ,  h U ( A ))  1 <  A ) ,  D ( B ,  C )  Ô  V  \ U j
 to the subgraph  D ( G ,  h U ( A ))  1 <  A  of  Q Y .  Define Op 1 ( G )  5  h G  ^  A ;  A  P  exp e ( U ) j .
 L EMMA 4 . 1 .  For any A  Ô  U and any n - regular c - caterpillar G of length m in Q X  ,
 then graph G  ^  A is a  (2 n  1  1)- regular c - caterpillar in Q Y of length m .
 P ROOF .  First we prove that  G  ^  A  is correctly defined . Let
 h B ,  C j  P  E ( G  ^  A ) \ ( D ( G ,  h U ( A ))  1 <  A )
 such that  B  P  Sp( D ( G ,  h U ( A ))  1 <  A ) .  Then there exists  B 1  P  Sp( D ( G ,  h U ( A ))) with
 B  5  B 1  1 <  A .  Since  D ( B ,  C )  Ô  V  \ U  and  h B ,  C j  P  E ( Q Y ) ,  we obtain that  C  5  B 1  1 <  C 1 ,
 where  C 1  Ô  U  and  u D ( A ,  C 1 ) u  5  1 ; thus  C  P  V  ( G  ^  A ) .  Moreover , since  C  belongs to
 exactly one edge of  G  ^  A , we conclude that  G  ^  A  is a caterpillar . For any
 B 1  P  Sp( D ( G ,  h U ( A )))  we add legs  hh B 1  1 <  A ,  B 1  1 <  C 1 j ;  C 1  P  # j  where  #  5  h C 1  Ô
 U ;  u D ( A ,  C 1 ) u  5  1 j , and , because  u # u  5  n  1  1 , we deduce that  G  ^  A  is a (2 n  1  1)-regular
 c -caterpillar in  Q Y .  h
 Furthermore , we characterize when Op 1 ( G ) is an (2 n  1  1 ,  m )-SRCF . To this end ,
 we say that two  q -regular caterpillars  G  and  H  in  Q X  are  spine disjoint  if
 Sp( G )  >  Sp( H )  5  [ .
 L EMMA 4 . 2 .  Let G be a spanning n - regular c - caterpillar in Q X . Then  Op 1 ( G )  is a
 (2 n  1  1 ,  m )- SRCF in Q Y whene y  er  h D ( G ,  h U ( A )) ;  A  P  exp e ( U ) j  is a family of pairwise
 spine disjoint n - regular caterpillars in Q X .
 P ROOF .  By Lemma 4 . 1 ,  G  ^  A  is a (2 n  1  1)-regular  c -caterpillar of length  m  in  Q Y
 for every  A  P  exp e ( U ) .  Hence  u V  ( G  ^  A ) u  5  (2 n  1  2) m  5  2  u X  u  for every  A  P  exp e ( U ) .
 Since  u exp e ( U ) u  5  2 n 1 1 / 2  5  2 n  and since  u V  ( Q y ) u  5  u V  ( Q X  ) u  2 n 1 1 ,  we obtain that  h V  ( G  ^
 A ) ;  A  P  exp e ( U ) j  is a family of disjoint subsets of  Q Y  if f  < h V  ( G  ^  A ) ;  A  P  exp e ( U ) j  5
 V  ( Q Y ) .  Thus it suf fices to prove that  h V  ( G  ^  A ) ;  A  P  exp e ( U ) j  is a family of disjoint
 subsets of  Q Y .
 Choose distinct  A ,  B  Ô  U  such that  u A u  and  u B u  are even . Then  u D ( A ,  B ) u  $  2 and thus
 Sp( G  ^  A )  >  V  ( G  ^  B )  5  [ ,  Sp( G  ^  B )  >  V  ( G  ^  A )  5  [ .  Hence if  C  P  V  ( G  ^  A )  >
 V  ( G  ^  B )  then there exist  D  P  Sp( D ( G ,  h U ( A ))) , E  P  Sp( D ( G ,  h U ( B ))) such that
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 h C ,  D  1 <  A j  is a leg edge of  G  ^  A  and  h C ,  E  1 <  B j  is a leg edge of  G  ^  B .  Hence
 u D ( D  1 <  A ,  E  1 <  B ) u  5  2  and because  A  ?  B  we conclude that  D  5  E  and  u D ( A ,  B ) u  5
 2—a contradiction because  h U ( A )  ?  h U ( B ) by Lemma 2 . 3(9) and (12) , and thus
 D ( G ,  h U ( A ))  and  D ( G ,  h U ( B )) are spine disjoint .  h
 Therefore , we give a characterization of spine disjoint families of the form
 h D ( G ,  h U ( A )) ;  A  P  exp e ( U ) j .
 L EMMA 4 . 3 .  Let G be a spanning n - regular c - caterpillar in Q X . Then G and  D ( G ,  A )
 for A  Ô  X are spine disjoint if f A  ?  D ( B ,  C )  for any B ,  C  P  Sp( G ) . Furthermore ,
 D ( G ,  A ) and  D ( G ,  B )  are spine disjoint for A ,  B  Ô  X if f  D ( A ,  B )  ?  D ( C ,  D )  for any
 C ,  D  P  Sp( G ) .
 P ROOF .  By Proposition 2 . 2 ,  D ( G ,  A ) is a spanning  n -regular  c -caterpillar in  Q X  for
 any  A  Ô  X .
 Let  A ,  B  Ô  X .  Observe that  E  P  Sp( D ( G ,  A ))  >  Sp( D ( G ,  B )) if f there exist  C ,  D  P
 Sp( G )  with  D ( C ,  A )  5  E  5  D ( D ,  B ) .  According to Proposition 2 . 1 ,  D ( C ,  A )  5  D ( D ,  B )
 just when  D ( A ,  B )  5  D ( C ,  D ) .  Thus  D ( G ,  A ) and  D ( G ,  B ) are spine disjoint if f
 D ( A ,  B )  ?  D ( C ,  D )  for any  C ,  D  P  Sp( G ) .
 Since  G  5  D ( G ,  [ ) , we conclude by the foregoing part of the proof that  G  and
 D ( G ,  A )  are spine disjoint if f  A  ?  D ( B ,  C ) for any  B ,  C  P  Sp( G ) .  h
 L EMMA 4 . 4 .  If  h G j  is a constructible  ( n ,  m )- SRCF , then  Op 1 ( G )  is a  (2 n  1  1 ,  m )-
 SRCF .
 P ROOF .  By Lemmas 4 . 2 and 4 . 3 , it suf fices to show that  D ( B ,  C )  ?  h U ( A ) and
 D ( B ,  C )  ?  D ( h U ( A ) ,  h U ( A 9 ))  for every distinct  B ,  C  P  Sp( G ) and every distinct
 A ,  A 9  P  exp e ( U ) .  Lemma 2 . 3(10) completes the proof because  h G j  is constructible and
 thus it satisfies (A2) .  h
 First we investigate  x -vertices and  x -1vertices in Op 1 ( G ) . For  j  ?  0 set
 P j  5  h U ( h u j j )  1 <  h U ( h u j j )  5  h u 0  ,  u j  ,  u n 1 1  ,  u n 1 j 1 1 j .
 L EMMA 4 . 5 .  If  h G j  is a constructible  ( n ,  m )- SRCF , then  Op 1 ( G )  satisfies the
 following .
 (1)  For any A  P  exp e ( U )  with  τ U ( A )  5  u j for j  5  0 ,  1 ,  .  .  .  ,  n :
 (a)  B  1 <  A is an x - y  ertex in  h G  ^  A j  if f  D ( B ,  h U ( h u j j ))  is an x - y  ertex in  h G j ;
 (b)  B  1 <  A is an x -1 y  ertex in  h G  ^  A j  if f  D ( B ,  h U ( h u j j ))  is an x -1 y  ertex in  h G j .
 (2)  If A and B are x - y  ertices in  h G j  and  τ U ( A )  5  τ U ( B )  5  u 0  , then
 h A  1 <  B ,  ( A  <  h x j )  1 <  B j  P  E ( G  ^  B )  >  E ( m Y ( G  ^  A ))
 and
 h D ( A ,  h u 0  ,  u 1 j )  1 <  D ( B ,  h u 0  ,  u 1 j ) ,  D ( A ,  h u 0  ,  u 1  ,  x j )  1 <  D ( B ,  h u 0  ,  u 1 j ) j
 P  E ( G  ^  D ( B ,  h u 0  ,  u 1 j ))  >  E ( m Y ( G  ^  D ( A ,  h u 0  ,  u 1 j ))) .
 (3)  If B  Ô  U is an x - y  ertex in  h G j  and  D ( B ,  h u 0  ,  u 1  ,  e 0 j )  is an e 1 -1 y  ertex in  h G j , then
 B  1 <  A is an x - y  ertex in  h G  ^  A j  and  D ( B ,  h u 0  ,  u 1  ,  e 0 j )  1 <  A is an e 1 -1 y  ertex in  h G  ^  A j
 for e y  ery A  P  exp e ( U )  with  τ U ( A )  5  u 0  .
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 (4)  If A is an x - y  ertex in  h G j  and B is an e 1 - y  ertex in  h G j  such that  D ( A ,  h u 0  ,  u 1  ,  e 0 j )
 and  D ( B ,  h u 0  ,  u 1  ,  e 0 j )  are e 1 -1 y  ertices in  h G j  and  τ U ( A )  5  τ U ( B )  5  u 0  , then
 h ( B  <  h e 0 j )  1 <  D ( A ,  h u 0  ,  u 1 j ) ,  ( B  <  h e 0  ,  e 1 j )  1 <  D ( A ,  h u 0  ,  u 1 j ) j
 P  E ( G  ^  ( D ( A ,  h u 0  ,  u 1 j )))  >  E ( m Y ( G  ^  B )) ,
 h ( A  <  h e 0 j )  1 <  D ( B ,  h u 0  ,  u 1 j ) ,  ( A  <  h e 0  ,  e 1 j )  1 <  D ( B ,  h u 0  ,  u 1 j ) j
 P  E ( G  ^  ( D ( B ,  h u 0  ,  u 1 j )))  >  E ( m Y ( G  ^  A )) .
 (5)  If  ( T ,  z  ,  j  )  is  (2 n  1  1 ,  m ,  Y )- pasting such that  z  ( T  )  Ô  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P
 exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj , then  Tr P j ( T ,  z  ,  j  )  5  ( T ,  z j  ,  j j )  is  (2 n  1  1 ,  m ,  Y )- pasting for
 e y  ery e y  en j  5  2 ,  4 ,  .  .  .  ,  n  2  1  such that
 z j ( T  )  Ô  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u j  ,  u j 1 1 jj .
 Moreo y  er ,
 z  ( T  )  5  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj
 if f
 z j ( T  )  5  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u j  ,  u j 1 1 jj .
 (6)  Furthermore ,
 hh u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4 j ,  h u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1 jj  P  E ( G  ^  h u 2  ,  u 3 j )
 and
 hh u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5 j ,  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 jj  P  E ( G  ^  h u 3  ,  u 4 j ) .
 P ROOF .  (1) is a direct consequence of the definitions of an  x -vertex and of an
 x -1vertex , and of the definition of  G  ^  A .  (2) follows from (1) and Lemma 3 . 1 . (3) is a
 consequence of (1) . (4) follows from (3) and Lemma 3 . 1 .
 Let us prove (5) . Let ( T ,  z  ,  j  ) be (2 n  1  1 ,  m ,  Y )-pasting such that  z  ( t )  P  h G  ^
 A ,  m Y ( G  ^  A ) ; A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj . Let  A  P  exp e ( U ) with  τ U ( A )  P  h u 0  ,  u 1 j .
 Then , for any even  j  5  2 ,  4 ,  .  .  .  ,  n  2  1 ,
 D ( G  ^  A ,  P j )  5  D ( D ( G ,  h U ( A ))  1 <  A ,  P j )
 5  D ( G ,  h U ( A ) ,  h U ( h u j j ))  1 <  D ( A ,  h U ( h u j j ))  5  G  ^  D ( A ,  h U ( h u j j )) ,
 because if  τ U ( A )  5  u 0 , then
 D ( h U ( A ) ,  h U ( h u j j ))  5  h U ( h u j j )  5  h U ( τ U ( D ( h τ U ( A ) j ,  h τ U ( h U ( h u j j )) j )))
 5  h U ( τ U ( D ( A ,  h U ( h u j j ))))  5  h U ( D ( A ,  h U ( h u j j )))
 by Lemma 2 . 3(1) , (2) and (7) , and if  τ U ( A )  5  u 1 , then
 D ( h U ( A ) ,  h U ( h u j j ))  5  h U ( h u j 1 1 j )  5  h U ( τ U ( D ( h τ U ( A ) j ,  h τ U ( h U ( h u j j )) j )))
 5  h U ( τ U ( D ( A ,  h U ( h u j j ))))  5  h U ( D ( A ,  h U ( h u j j )))
 by Lemma 2 . 3 (1) , (3) and (7) . Thus , for  t  P  V  ( T  ) ,  if  z  ( t )  5  G  ^  A , then  z j ( t )  5
 G  ^  ( D ( A ,  h U ( h u j j ))) ;  and if  z  ( t )  5  m Y ( G  ^  A ) ,  then  z j ( t )  5  D ( m Y ( G  ^  A ) ,  P j )  5
 m Y ( D ( G  ^  A ,  P j ))  5  m Y ( G  ^  ( D ( A ,  h U ( h u j j )))) ,  because  m Y ( P j )  5  P j .  Since , by Lemma
 2 . 3(2) and (3) ,  D ( A ,  h U ( h u j j ))  P  h u j  ,  u j 1 1 j  we conclude that
 z j ( T  )  Ô  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u j  ,  u j 1 1 jj .
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 The rest of the statement follows immediately from Lemma 2 . 7 and from  h A  P
 exp e ( U ) ;  τ U ( A )  P  h u j  ,  u j 1 1 jj  5  h D ( A ,  h u 0  ,  u j j ) ; A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj .  Thus (5) is
 proved .
 By (A6) ,
 hh u 0  ,  u 1  ,  u 2  ,  u 3 j ,  h u 0  ,  u 1  ,  u 2  ,  u 3  ,  e 1 jj ,  hh u 1  ,  u 3  ,  u 4  ,  u 6 j ,  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  e 1 jj  P  E ( G ) .
 Furthermore , by Lemma 2 . 3(4) ,  τ U ( h u 2  ,  u 3 j )  5  u 1 and  τ U ( h u 3  ,  u 4 j )  5  u 7 . Thus
 D ( h u 0  ,  u 1  ,  u 2  ,  u 3 j ,  h u 0  ,  u 1 j )  5  h u 2  ,  u 3 j ,
 D ( h u 1  ,  u 3  ,  u 4  ,  u 6 j ,  h u 1  ,  u 6 j )  5  h u 3  ,  u 4 j ,
 s y  ( h u 2  ,  u 3 j )  5  h u n 1 3  ,  u n 1 4 j ,  s V  ( h u 3  ,  u 4 j )  5  h u n 1 4  ,  u n 1 5 j ,
 and hence we conclude (6) because  h U ( h u 2  ,  u 3 j )  5  h u 0  ,  u 1 j  and  h U ( h u 3  ,  u 4 j )  5  h u 1  ,  u 6 j .
 h
 P ROPOSITION 4 . 6 .  If  h G j  is a constructible  ( n ,  m )- SRCF , then  Op 1 ( G )  is a construc-
 tible  (2 n  1  1 ,  m )- SRCF . Moreo y  er , if C  P  Sp( G  ^  A )  and D  P  Sp( G  ^  B )  for some
 A ,  B  P  exp e ( U ) , then :
 (1)  D ( C ,  D )  ?  h u n 1 1  , u n 1 2  , u 2 j  , u 2 k j  for any  0  <  j  ,  k  <  n with j ,  k  ?  ( n  1  1) / 2 ;
 (2)  D ( C ,  D )  ?  h u 0  ,  u 1  ,  u 2 j  ,  u n 1 2 j  for any  0  ,  j  <  n with j  ?  ( n  1  1) / 2 ;
 (3)  D ( C ,  D )  ?  h u 1  , u n 1 1  , u n 1 2  , u 2 j j  for any  0  ,  j  <  n with j  ?  ( n  1  1) / 2 .
 P ROOF .  By Lemma 4 . 4 , Op 1 ( G ) is a (2 n  1  1 ,  m )-SRCF .
 If  h B ,  C j  is a leg edge of  G  ^  A  then either  h B ,  C j  is a leg edge of  D ( G ,  h U ( A ))  1 <  A
 or  h B ,  C j  is an added edge . In the first case ,  D ( B ,  C )  Ô  U  because  h G j  satisfies (A1) ; in
 the second case  D ( B ,  C )  Ô  V  by the definition of added edges and thus in both cases
 h B ,  C j  Ô  V ,  and (A1) holds .
 We prove (A3) . Let  A  P  exp e ( V  ) with  τ V  ( A )  5  u 0 . From the definition of  τ V  it
 follows that  u  f V  ( A ) u  and  u b V  ( A ) u  are even , and thus  τ V  ( A )  5  τ U ( D (  f V  ( A ) ,  b V  ( A )))  5  u 0  .
 By Lemma 2 . 3(15) , we conclude that  τ U (  f V  ( A ))  5  τ U ( b V  ( A )) .  Let  B  5
 D (  f V  ( A ) ,  h U ( b V  ( A ))) .  Then  B  P  exp e ( U ) and  A  5  D ( B ,  h U ( b V  ( A )))  1 <  b V  ( A ) .  By
 Lemma 2 . 3(9) and (15) ,  τ U ( B )  5  u 0 , and by (A3)  B  is an  x -vertex in  h G j .  By Lemma
 4 . 5(1)(a) ,  A  is an  x -vertex in  h G  ^  b V  ( A ) j  and (A3) is proved .
 We prove (A4) . Let  A  P  exp e ( V  ) with  τ V  ( A )  5  u 1 . From the definition of  τ V  it
 follows that  u  f V  ( A ) u  and  u b V  ( A ) u  are even and thus  τ V  ( A )  5  τ U ( D (  f V  ( A ) , b V  ( A )))  5  u 1 .
 By Lemma 2 . 3(7) and (15) , we conclude that  τ U ( D (  f V  ( A ) ,  h u 0  ,  u 1 j ))  5  τ U ( b V  ( A )) .  Let
 B  5  D (  f V  ( A ) ,  h U ( b V  ( A ))) .  Then  B  P  exp e ( U ) , and
 τ U ( B )  5  τ U ( D (  f V  ( A ) ,  h U ( b V  ( A ))))  5  τ U ( D ( h τ U (  f V  ( A )) j ,  h τ U ( h U ( b V  ( A ))) j ))
 5  τ U ( D ( h τ U (  f V  ( A )) j ,  h τ U ( D (  f V  ( A ) ,  h u 0  ,  u 1 j )) j ))
 5  τ U ( D (  f V  ( A ) ,  f V  ( A ) ,  h u 0  ,  u 1 j ))  5  τ U ( h u 0  ,  u 1 j )  5  u 1
 by Lemma 2 . 3(2) , (6) , (7) and (9) . By (A4) ,  B  <  h e 0 j  is an  x -1vertex in  h G j  and thus , by
 Lemma 4 . 5(1)(b) ,  A  <  h e 0 j  is an  x -1vertex in  h G  ^  b V  ( A ) j  and (A4) holds .
 We prove (A5) . Let  A  Ô  Y  be an  x -vertex in Op 1 ( G ) with  τ V  ( A )  5  u 0 . Then  A  Ô  V
 and  u b V  ( A ) u  is even . Hence  A  P  Sp( G  ^  b V  ( A )) and  A 1  5  D (  f V  ( A ) ,  h U ( b V  ( A ))) is an
 x -vertex in  h G j  because  A  5  D ( A 1  ,  h U ( b V  ( A )))  1 <  b V  ( A ) and  h A ,  A  <  h x jj  is a spine edge
 of  G  ^  b V  ( A ) .  By Lemma 2 . 3(7) , (9) and (15) ,  τ U ( A 1 )  5  τ U ( D (  f V  ( A ) ,  h U ( b V  ( A ))))  5
 τ U ( D ( h τ U (  f V  ( A )) j ,  h τ U ( h U ( b V  ( A ))) j ))  5  τ U ( D ( h τ U (  f V  ( A )) j ,  h τ U ( b V  ( A )) j ))  5  u 0  .  Accord-
 ing to Lemma 2 . 3(15) ,  τ U ( A )  5  u 0 implies  τ U (  f V  ( A ))  5  τ U ( b V  ( A )) and since  h G j
 satisfies (A5) , Lemma 4 . 5(1) implies (A5) for Op 1 ( G ) .
 A verification of (A6) is straightforward .
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 Finally , to prove (A2) and statements (1) , (2) and (3) , assume that  A ,  B  P  exp e ( U )
 and  C  P  Sp( G  ^  A ) , D  P  Sp( G  ^  B ) with  C  ?  D . Then  u D ( A ,  B ) u  is even becasue
 A ,  B  P  exp e ( U ) . Furthermore , there exist  C 1  ,  D 1  P  Sp( G ) such that  C  >  X  5
 D ( C 1  ,  h U ( A ))  and  D  >  X  5  D ( D 1  ,  h U ( B )) .  Moreover ,
 s V  ( D ( A ,  B ))  5  D ( s V  ( A ) ,  s V  ( B ))  Ô  D ( C ,  D ) ,
 D ( C ,  D )  5  D ( s V  ( A ) ,  s V  ( B ))  <  D ( C  >  X ,  D  >  X  ) ,
 D ( s V  ( A ) ,  s V  ( B ))  >  D ( C  >  X ,  D  >  X  )  5  [ .
 We prove (A2) . If  u D ( A ,  B ) u  >  4 , then (A2) holds because  s V  is a permutation of  V  and
 h u 0  ,  u 1 j  >  D ( s V  ( A ) ,  s V  ( B ))  5  [ . Thus we can assume that  u D ( A ,  B ) u  <  2 .
 Assume that  u D ( A ,  B ) u  5  2 . Then (A2) holds whenever  [  ?  D ( C  >  X ,  D  >  X  )  ?
 h u 0  ,  u 1 j ;  hence we can assume that either  D ( C  >  X ,  D  >  X  )  5  [  or  D ( C  >  X ,  D  >  X  )  5
 h u 0  ,  u 1 j .  By Proposition 2 . 1 ,  D ( C  >  X ,  D  >  X  )  5  D ( C 1  ,  D 1  ,  h U ( A ) ,  h U ( B )) .  Hence
 D ( C 1  ,  D 1 )  5  D ( h U ( A ) ,  h U ( B ))  or  D ( C 1  ,  D 1 )  5  D ( h U ( A ) ,  h U ( B ) ,  h u 0  ,  u 1 j ) .  By Lemma
 2 . 3(10) and (11) ,  C 1  5  D 1 because  h G j  satisfies (A2) . Since  u D ( A ,  B ) u  5  2 we obtain
 τ U ( A )  ?  τ U ( B )  and thus  h U ( A )  ?  h U ( B ) .  Hence  D ( h U ( A ) ,  h U ( B ))  5  h u 0  ,  u 1 j  5  D ( C  >
 X ,  D  >  X  ) .  If  D ( A ,  B )  5  h u p  ,  u q j ,  τ U ( A )  5  u s  ,  τ U ( B )  5  u t  and  τ U ( h u p  ,  u q j )  5  u r  then , by
 Lemma 2 . 3(5) and (8) ,  s  1  t  is odd just when  p  1  q  is odd and  p  1  q  is odd if f  r  is odd .
 By Lemma 2 . 3(7) and (9) we obtain
 u r  5  τ U ( D ( A ,  B ))  5  τ U ( D ( h τ U ( A ) j ,  h τ U ( B ) j ))  5  τ U ( D ( h τ U ( h U ( A )) j ,  h τ U ( h U ( B )) j ))
 5  τ U ( D ( h U ( A ) ,  h U ( B )))  5  τ U ( h u 0  ,  u 1 j )  5  u 1
 and thus  r  5  1 ; whence  p  1  q  is odd and  D ( C ,  D )  5  h u 0  ,  u 1  ,  u p 1 n 1 1  ,  u q 1 n 1 1 j  ?
 h u 0  ,  u 1  ,  u 2 j  ,  u 2 k j  for any 0  ,  j  ,  k  ,  n  and (A2) holds .
 If  A  5  B ,  then  D ( C ,  D )  5  D ( C  >  X ,  D  >  X  )  5  D ( C 1  ,  h U ( A ) ,  D 1  ,  h U ( A ))  5  D ( C 1  ,  D 1 ) .
 Since  h G j  satisfies (A2) we conclude that Op 1 ( G ) satisfies (A2) , whence Op 1 ( G ) is
 constructible .
 We prove (1) . If  u 0  ¸  D ( A ,  B ) ,  then  u n 1 1  ¸  D ( C ,  D ) ; if  u 1  ¸  D ( A ,  B ) then  u n 1 2  ¸
 D ( C ,  D ) ;  and in both cases (1) holds . If  u D ( A ,  B ) u  >  6 ,  then  u D ( C ,  D ) u  >  6 and (1) holds .
 Thus we can assume that  h u 0  ,  u 1 j  Ô  D ( A ,  B ) and either  u D ( A ,  B ) u  5  2 or  D ( C ,  D )  5
 s V  ( D ( A ,  B ))  and in both cases , by Lemma 2 . 3(12) and (13) ,  τ U ( A )  ?  τ U ( B ) .  Hence
 either  D ( C 1  ,  h U ( A ))  5  D ( D 1  ,  h U ( B )) or  D ( C 1  ,  h U ( A ) ,  D 1  ,  h U ( B ))  5  h u 2 j  ,  u 2 k j .  In the
 first case we obtain  D ( C 1  ,  D 1 )  5  D ( h U ( A ) ,  h U ( B )) and , by Lemma 2 . 3(10) , this is a
 contradiction with (A2) for  h G j .  In the second case we obtain  D ( A ,  B )  5  h u 0  ,  u 1 j  and ,
 by Lemma 2 . 3(16) ,  D ( h U ( A ) ,  h U ( B ))  5  h u 0  ,  u 1 j .  Thus  D ( C 1  ,  D 1 )  5  h u 0  ,  u 1  ,  u 2 j  ,  u 2 k j  or
 D ( C 1  ,  D 1 )  5  h u 1  ,  u 2 k j  —in both cases a contradiction follows from (A2) for  h G j  and (1)
 is proved .
 We prove (2) . If  D ( A ,  B )  ?  h u 1  ,  u 2 j j  for  j  5  1 ,  2 ,  .  .  .  ,  ( n  2  1) / 2 , then (2) holds .
 Assume that  D ( A ,  B )  5  h u 1  ,  u 2 j j  for some  j  5  1 ,  2 ,  .  .  .  ,  ( n  2  1) / 2 .  By Lemma 2 . 3(12) ,
 h U ( A )  ?  h U ( B ) .  If  D ( C  >  X ,  D  >  X  )  5  D ( C 1  ,  h U ( A ) ,  D 1  ,  h U ( B ))  ?  h u 0  ,  u 1 j ,  then (2)
 holds ; if  D ( C  >  X ,  D  >  X  )  5  D ( C 1  ,  h U ( A ) ,  D 1  ,  h U ( B ))  5  h u 0  ,  u 1 j ,  then  D ( C 1  ,  D 1 )  5
 D ( h U ( A ) ,  h U ( B ) ,  h u 0  ,  u 1 j )  and by (A2) for  h G j  we obtain  C 1  5  D 1 . Hence
 D ( h U ( A ) ,  h U ( B ))  5  h u 0  ,  u 1 j  and , by a direct inspection ,  h τ U ( A ) ,  τ U ( B ) j  5  h u 2 k  ,  u 2 k 1 1 j
 for some  k  5  0 ,  1 ,  .  .  .  ,  ( n  2  1) / 2 . Since  u 2 j 1 1  5  τ U ( D ( A ,  B ))  5  τ U ( D ( h τ U ( A ) j ,
 h τ U ( B ) j ))  5  u 1 , by Lemma 2 . 3(4) we obtain a contradiction because  j  .  1—thus (2) is
 proved .
 We prove (3) . If  D ( A ,  B )  ?  h u 0  ,  u 1 j , then (3) holds thus we can assume that
 D ( A ,  B )  5  h u 0  ,  u 1 j  and , by Lemma 2 . 3(16) , then  D ( h U ( A ) ,  h U ( B ))  5  h u 0  ,  u 1 j .  If  D ( C  >
 X ,  D  >  X  )  5  D ( C 1  ,  h U ( A ) , D 1  ,  h U ( B ))  ?  h u 1  ,  u 2 j j  for any  j  5  1 ,  2 ,  .  .  .  ,  ( n  2  1) / 2 then
 (3) holds . If  D ( C  >  X ,  D  >  X  )  5  D ( C 1  ,  h U ( A ) ,  D 1  ,  h U ( B ))  5  h u 1  ,  u 2 j j  for some  j  5
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 1 ,  2 ,  .  .  .  ,  ( n  2  1) / 2 , then  D ( C 1  ,  D 1 )  5  D ( h U ( A ) ,  h U ( B ) ,  h u 1  ,  u 2 j j )  5  D ( h u 0  ,  u 1 j ,  h u 1  ,  u 2 j j )  5
 h u 0  ,  u 2 j j  and this is a contradiction with (A2) for  h G j . Thus (3) is proved .  h
 5 .  G LUING OF C ATERPILLARS
 The aim of this section is the construction of special (2 n  1  1 ,  m ,  Y )-pasting and
 (2 n  1  1 ,  m 9 ,  Z )-pasting . By means of these constructions , we glue a spanning (2 n  1  1)-
 regular  c -caterpillar in  Q Z 9  .
 L EMMA 5 . 1 .  There exists a  (2 n  1  1 ,  m ,  Y )- pasting  ( T ,  z  ,  j  )  such that :
 (1)  z  ( T  )  5  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj ;
 (2)  hh u 0  ,  u 1  ,  u 2  ,  u 3 j ,  h u 0  ,  u 1  ,  u 2  ,  u 3  ,  e 1 jj ,  hh u 1  ,  u 3  ,  u 4  ,  u 6 j ,  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  e 1 jj  ¸  Im ( j  ) ;
 (3)  for e y  ery x  P  X  \ U , x  ?  e 0  if there exists an x - y  ertex B  Ô  X in  h G j  such that  D ( B ,
 h u 0  ,  u 1  ,  e 0 j ) is an e 1 -1 y  ertex in  h G j  and  τ U ( B )  5  u 0  , than there exist C 0  , C 1  Ô  U such that
 u C 0 u  and  u C 1 u  are e y  en ,  τ U ( C 0 )  5  τ U ( C 1 )  5  u 0  , and  h B  1 <  C 0  ,  ( B  <  h x j )  1 <  C 0 j  P  Im ( j  ) ,
 h B  1 <  C 1  ,  ( B  <  h x j )  1 <  C 1 j  ¸  Im ( j  ) .
 P ROOF .  For every  x  P  X  \ U , x  ?  e 0 such that there exists an  x -vertex  A  Ô  U  in  h G j
 with  τ U ( A )  5  u 0 choose an  x -vertex  A x  in  h G j  such that  D ( A x  ,  h u 0  ,  u 1  ,  e 0 j ) is an
 e 1 -vertex in  h G j  and  τ U ( A x )  5  u 0 . The existence  A x  follows from (A5) for  h G j . We
 define ( T x  ,  z x  ,  j x ) such that :
 (i)  for a root  r x  of  T x  define  z x ( r x )  5  G  ^  A x ;
 (ii)  for any  x -vertex  A  in  h G j  with  τ U ( A )  5  u 0 there exists a son  y  a  of  r x  and set
 z x ( y  A )  5  m Y ( G  ^  A ) ;
 (iii)  for any  x -vertex  A  ?  A x  the vertex  y  A  has a son w A and set  z x ( w A )  5  G  ^  A ;
 (iv)  if  z e 1 ( r e 1 )  5  G  ^  [ , then we omit the edges  h r e 1  ,  y  A j  from  T e 1 and we add the edges
 h y  [  ,  w A j  to  T e 1 for  A  5  h u 0  ,  u 1  ,  u 2  ,  u 3 j  and  A  5  h u 1  ,  u 3  ,  u 4  ,  u 6 j ;
 (v)  if  r e 1 has exactly 2
 n 1 1 / [2( n  1  1)] sons , then choose an  e 1 -vertex  A  with  τ U ( A )  5  u 0
 and  A  ?  A e 1 and we omit the edge  h r e 1  ,  y  A j  from the tree  T e 1 and we add the edge
 h w A  ,  y  A x j  to  T e 1 ;
 (vi)  the tree  T x  has no other vertices for  x  P  Y  \ V , x  ?  e 1 ;
 (vii)  for any  h u ,  t j  P  E ( T x ) ,  let  j x ( h u ,  t j )  P  E ( z x ( u ))  >  E ( z x ( t )) .
 The correctness of the construction follows from Lemma 4 . 5(3) . Furthermore , ( T x  ,
 z x  ,  j x )  is (2 n  1  1 ,  m ,  Y )-pasting . Denote by  T  9 x  a copy of  T x ; a vertex of  T  9 x
 corresponding to  t  P  V  ( T x ) is denoted by  t 9 . Define  z  9 x ( t 9 )  5  D ( z  ( t ) ,  h u 0  ,  u 1 j ) for any
 t 9  P  V  ( T  9 x ) ,  j  9 x ( h w 9 ,  t 9 j )  5  D ( j  ( h w ,  t j ) ,  h u 0  ,  u 1 j s ) for any  h w 9 ,  t 9 j  P  E ( T  9 x ) ; then
 ( T  9 x  ,  z  9 x  ,  j  9 x )  is (2 n  1  1 ,  m ,  Y )-pasting .
 Finally , we extend all trees to single tree  T  so that we add edges  h r e 1  ,  r 9 x j  and  h r 9 e 1  ,  r x j
 for every  x  P  X  \ U , x  ?  e 0 for which there exists an  x -vertex in  h G j .  Let  z  be a union of
 all  z x  and  z  9 x  .  By Lemma 4 . 5(4) we can extend the union of all  j x  and  j  9 x  on  j  satisfying
 j  ( h w ,  t j )  P  E ( z  ( w ))  >  E ( z  ( t ))  for every edge  h w ,  t j  P  T .  Then ( T ,  z  ,  j  ) is (2 n  1  1 ,  m ,  Y )-
 pasting with  z  ( T  )  5  h G  ^  A ,  m Y ( G  ^  A ) ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj .  Hence (1) is
 proved . Since  h t ,  t 9 j  ¸  E ( T  ) for any  t ,  t 9  P  V  ( T  ) with  z  ( t )  5  G  ^  [  and  z  ( t 9 )  5  m Y ( G  ^
 h u 0  ,  u 1  ,  u 2  ,  u 3 j )  or  z  ( t 9 )  5  m Y ( G  ^  h u 1  ,  u 3  ,  u 4  ,  u 6 j ) , we immediately obtain (2) . To
 prove (3) , observe that a number of sons of any  r x  is less than 2 n 1 1 / [2( n  1  1)]  5
 u h A  P  exp e ( U ) ;  τ U ( A )  5  u 0 j u  and that any  r x  has a son .  h
 Denote  H 0  5  GLUE( T ,  z  ,  j  ,  y ) and , for any even  j  5  2 ,  4 ,  .  .  .  ,  n  2  1 , denote  H j  5
 GLUE( T ,  z j  ,  j j  ,  y ) ,  where ( T ,  z  ,  j  ) is (2 n  1  1 ,  m ,  Y )-pasting from Lemma 5 . 1 and
 ( T ,  z j  ,  j j )  5  Tr P j ( T ,  z  ,  j  )  for any even  j  5  2 ,  4 ,  .  .  .  ,  n  2  1 . By Lemma 4 . 5(5) , ( T ,  z j  ,  j j ) is
 (2 n  1  1 ,  m ,  Y )-pasting . Define Op 2 ( G )  5  h H j ;  j  5  0 ,  2 ,  .  .  .  ,  n  2  1 j .
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 L EMMA 5 . 2 .  If  h G j  is a constructible  ( n ,  m )- SRCF , then  Op 2 ( G )  is a constructible
 (2 n  1  1 ,  m 9 )- SRCF . Moreo y  er , if A  P  Sp( H j ) , B  P  Sp( H k )  for any e y  en j ,  k  5
 0 ,  2 ,  .  .  .  ,  n  2  1 , then  D ( A ,  B )  ?  h u 0  ,  u 1  ,  u n 1 2  ,  u 2 j j  for any j  5  1 ,  2 ,  .  .  .  ,  n .
 P ROOF .  By Lemma 2 . 5 , Op 2 ( G ) is an (2 n  1  1 ,  m 9 )-SRCF . Observe that any  x -vertex
 (or an  x -1vertex)  A  in Op 1 ( G ) is either an  x -vertex or a  y -vertex (or an  x -1vertex or a
 y -1vertex , respectively) in Op 2 ( G ) (recall that  h  y j  5  Z  \ Y ) .  Since Op 1 ( G ) is construc-
 tible we immediately obtain that Op 2 ( G ) satisfies (A1) , (A3) and (A4) (GLUE does
 not change leg edge and spine vertices) . (A5) follows from Lemma 5 . 1(3) . (A6) follows
 from Lemma 5 . 1(2) , becasue (A6) is true for Op 1 ( G ) .  Finally , to prove (A2) and the
 second statement , assume that  A  P  Sp( H j ) and  B  P  Sp( H j 9 ) for even  j ,  j 9  5
 0 ,  2 ,  .  .  .  ,  n  2  1 . There exist  C ,  D  P  exp e ( U ) such that one of the following possibilities
 occurs :
 (1)  A  P  Sp( G  ^  C ) , B  P  Sp( G  ^  D ) ;
 (2)  A  P  Sp( m Y ( G  ^  C )) , B  P  Sp( G  ^  D ) ;
 (3)  A  P  Sp( m Y ( G  ^  C )) , B  P  Sp( m Y ( G  ^  D )) ;
 (4)  A  P  Sp( G  ^  C ) ,  B  P  Sp( m Y ( G  ^  D )) .
 If the first case occurs , then (A2) and the second statement are true by (A2) for
 Op 1 ( G )  and by Proposition 4 . 6(2) . In the second or the fourth case ,  y  P  D ( A ,  B ) and
 thus (A2) and the second statement hold . Finally , in the third case (A2) follows from
 (A2) for Op 1 ( G ) and from Proposition 4 . 6(1) and the second statement follows from
 (A2) for Op 1 ( G ) and from Proposition 4 . 6(3) .  h
 By (A3) there exists  x  P  X  \ U , x  ?  e 0 such that  [  is an  x -vertex in  h G j  (and also
 in Op 1 ( G )) .  Define  B j  5  ( h U ( h u j j )  <  h x j )  1 <  h U ( h u j j ) and  C j  5  B j  <  h  y j  for  j  5  0 ,  1 ,  .  .  .  ,
 n  2  1 .
 Furthermore , for any even  j  5  2 ,  4 ,  .  .  .  ,  n  2  1 by Lemma 2 . 3(4) and by (A4) ,
 h u j  ,  u j 1 1  ,  e 0 j  is an  x j -1vertex in  h G j  for some  x j  P  X  \ U , x j  ?  e 0 . Then  h u j  ,  u j 1 1  ,  e 0 j  is
 either an  x j -1vertex in Op 2 ( G ) or a  y -1vertex in Op 2 ( G ) . In the first case , set
 D j  5  h u 0  ,  u j 1 1  ,  u n 1 1  ,  u n 1 j 1 1 ,  e 0  ,  y j ,  E j  5  D j  <  h x j j ,
 and in the second case set
 D j  5  h u 0  ,  u j 1 1  ,  u n 1 1  ,  u n 1 j 1 1 ,  e 0  ,  x j j ,  E j  5  D j  <  h  y j .
 In both cases , set  D j 1 1  5  D ( D j  ,  h u 0  ,  u 1 j ) , E j 1 1  5  D ( E j  ,  h u 0  ,  u 1 j ) for any even  j  5
 2 ,  4 ,  .  .  .  ,  n  2  1 .
 L EMMA 5 . 3 .  If  h G j  is a constructible  ( n ,  m )- SRCF and n  1  1  5  2 i for i  .  2 , then
 Op 2 ( G ) satisfies :
 (1)
 h B j  ,  C j j ,  h B j 1 1  ,  C j 1 1 j ,  h D j  ,  E j j ,  h D j 1 1  ,  E j 1 1 j  P  E ( H j )
 for e y  ery e y  en j  5  2 ,  4 ,  .  .  .  ,  n  2  1 ;
 (2)
 r Z ( B j )  5  B j 1 1  ,  r Z ( C j )  5  C j 1 1
 for any odd j  5  3 ,  5 ,  .  .  .  ,  n  2  2 , and thus
 h B j 1 1  ,  C j 1 1 j  P  E ( H j 1 1 )  >  E ( r Z ( H j 2 1 )) ;
 (3)
 r Z ( D j )  5  D j 1 1  ,  r Z ( E j )  5  E j 1 1
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 for e y  ery e y  en j  5  2 ,  4 ,  .  .  .  ,  n  2  1 , and thus
 h D j 1 1  ,  E j 1 1 j  P  E ( H j )  >  E ( r Z ( H j )) ;
 (4)  h B 0  ,  C 0 j  P  E ( H 0 )  and  r Z ( B 0 )  5  B 0  ,  r Z ( C 0 )  5  C 0  and thus
 h B 0  ,  C 0 j  P  E ( H 0 )  >  E ( r Z ( H 0 )) ;
 (5)
 hh u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1 j ,  h u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1  ,  y jj  P  E ( H 0 )
 and
 hh u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 j ,  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1  ,  y jj  P  E ( H 6 ) ;
 (6)
 r Z ( h u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1 j )  5  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 j
 and
 r Z ( h u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1  ,  y j )  5  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1  ,  y j
 and thus  hh u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 j ,  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1  ,  y jj  P  E ( H 6 )  >  E ( r Z ( H 0 )) .
 P ROOF .  To define  H 0 from the union of graphs  h G  ^  A ;  A  P  exp e ( U ) ,  τ U ( A )  P
 h u 0  ,  u 1 jj  and  h m Y ( G  ^  A )  <  h  y j ;  A  P  exp e ( U ) ,  τ U ( A )  P  h u 0  ,  u 1 jj , we exchange some
 edges : in particular , we exchange edges  h [ ,  h x jj  and  hh  y j ,  h  y ,  x jj  for edges  h [ ,  h  y jj  and
 hh x j ,  h  y ,  x jj . Since  B 0  5  h x j  and  C 0  5  h x ,  y j ,  we conclude that  h B 0  ,  C 0 j  P  E ( H 0 ) .  Since
 B j  5  D ( B 0  ,  h U ( h u j j ))  1 <  h U ( h u j j )
 and  C j  5  B j  <  h  y j  for every  j  5  1 ,  2 ,  3 ,  .  .  .  ,  n ,  we obtain , by the definition of  H 0  ,
 h B 1  ,  C 1 j  P  E ( H 0 )
 and by the definition of  H j  that  h B j  ,  C j j ,  h B j 1 1  ,  C j 1 1 j  P  E ( H j ) for any even  j  5
 2 ,  4 ,  .  .  .  ,  n  2  1 . Since , for any even  j  5  2 ,  4 ,  .  .  .  ,  n  2  1 , we have
 D j  5  ( D ( h u j  ,  u j 1 1  ,  e 0 j ,  h U ( h u j j ))  1 <  h U ( h u j j ))  <  h  y j ,
 E j  5  ( D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j j ))  1 <  h U ( h u j j ))  <  h  y j ,
 D j 1 1  5  ( D ( h u j  ,  u j 1 1  ,  e 0 j ,  h U ( h u j 1 1 j ))  1 <  h U ( h u j 1 1 j ))  <  h  y j ,
 E j 1 1  5  ( D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j 1 1 j ))  1 <  h U ( h u j 1 1 j ))  <  h  y j
 if  h u j  ,  u j 1 1  ,  e 0 j  is an  x j -1vertex in Op 2 ( G ) and
 D j  5  ( D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j j )))  1 <  h U ( h u j j ) ,
 E j  5  h D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j j ))  1 <  h U ( h u j j ))  <  h  y j ,
 D j 1 1  5  ( D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j 1 1 j )))  1 <  h U ( h u j 1 1 j ) ,
 E j 1 1  5  ( D ( h u j  ,  u j 1 1  ,  e 0  ,  x j j ,  h U ( h u j 1 1 j ))  1 <  h U ( h u j 1 1 j ))  <  h  y j
 if  h u j  ,  u j 1 1  ,  e 0 j  is an  y -1vertex in Op 2 ( G ) , we conclude that (1) holds .
 A verification of (2) , (3) , (6) and the rest of (4) is straightforward .
 By Lemma 4 . 5(6) ,
 hh u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4 j ,  h u 2  ,  u 3  ,  u n 1 3  ,  u n 1 4  ,  e 1 jj  P  E ( G  ^  h u 2  ,  u 3 j )
 and
 hh u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5 j ,  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 jj  P  E ( G  ^  h u 3  ,  u 4 j ) .
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 Thus , by Lemma 5 . 1(2) and the definition of GLUE , we obtain (5) because
 τ U ( h u 2  ,  u 3 j )  5  u 1  and  τ U ( h u 3  ,  u 4 j )  5  u 7  .  h
 L EMMA 5 . 4 .  If  h G j  is a constructible  (3 ,  m )- SRCF , then  Op 2 ( G )  satisfies :
 (1)  hh e 1 j ,  h e 1  ,  y jj ,  hh u 2  ,  u 3  ,  u 4  ,  u 5  ,  y j ,  h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y ,  e 1 jj  P  E ( H 0 ) ;
 (2)  hh u 1  ,  u 3  ,  u 4  ,  u 6  ,  y j ,  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y ,  e 1 jj  P  E ( H 2 ) ;
 (3)
 r Z ( h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y j )  5  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y j ,
 r Z ( h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y ,  e 1 j )  5  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y ,  e 1 j ,
 r Z ( h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y j )  5  h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y j ,
 r Z ( h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y ,  e 1 j )  5  h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y ,  e 1 j ,
 r Z ( h e 1 j )  5  h e 1 j ,  r Z ( h e 1  ,  y j )  5  h e 1  ,  y j .
 P ROOF .  The lemma is proved by a straightforward computation .  h
 Define
 V  ( T  )  5  h t j  ;  j  5  0 ,  1 ,  .  .  .  ,  n j ,
 z  ( t j )  5 H H j
 r Z ( H j )
 if  j  is  even ,
 if  j  odd .
 The mapping  j  and edges of  T  are defined as follows :
 (i)  for  i  .  2 , define
 j  ( h t 0  ,  t 1 j )  5  h B 0  ,  C 0 j ,
 j  ( h t j  ,  t j 1 1 j )  5  h B j 1 1  ,  C j 1 1 j  for  odd  j  .  2 ,
 j  ( h t j  ,  t j 1 1 j )  5  h D j  ,  E j j  for  even  j  >  2 ,
 j  ( h t 1  ,  t 6 j )  5  hh u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1 j ,  h u 3  ,  u 4  ,  u n 1 4  ,  u n 1 5  ,  e 1  ,  y jj ;
 (ii)  for  i  5  2 , define
 z  ( h t 0  ,  t 1 j )  5  hh e 1 j ,  h e 1  ,  y jj ,
 j  ( h t 0  ,  t 3 j )  5  hh u 2  ,  u 3  ,  u 4  ,  u 5  ,  y j ,  h u 2  ,  u 3  ,  u 4  ,  u 5  ,  y ,  e 1 jj ,
 j  ( h t 1  ,  t 2 ) j  5  hh u 1  ,  u 3  ,  u 4  ,  u 6  ,  y j ,  h u 1  ,  u 3  ,  u 4  ,  u 6  ,  y ,  e 1 jj .
 L EMMA 5 . 5 .  If  h G j  is a constructible  ( n ,  m )- SRCF , then  ( T ,  z  ,  j  )  is  (2 n  1  1 ,  m 9 ,  Y )-
 pasting .
 P ROOF .  The proof follows immediately from Lemmas 5 . 3 and 5 . 4 .  h
 Set Op 3 ( G )  5  GLUE( T ,  z  ,  j  ,  z ) .  Then we have the following :
 L EMMA 5 . 6 .  If  h G j  is a constructible  ( n ,  m )- SRCF in Q X  , then  h Op 3 ( G ) j  is a
 constructible  (2 n  1  1 ,  nm 9 )- SRCF in Q Z 9 .
 P ROOF .  By Lemma 2 . 5 ,  h Op 3 ( G ) j  is a (2 n  1  1 ,  nm 9 )-SRCF in  Q Z 9 . Since Op 2 ( G ) is
 constructible , we obtain (A1) , (A3) , (A4) , (A5) and (A6) , because  A  Ô  Z 9 is an
 x -vertex (or an  x -1vertex) in Op 2 ( G ) if f  A  is an  x -vertex (or an  x -1vertex) in  h Op 3 ( G ) j .
 We prove (A2) . If  A ,  B  P  Sp(Op 3 ( G )) with  A ,  B  Ô  V  , then either  A ,  B  P  <
 h Sp( H j ) ;  j  5  0 ,  2 ,  .  .  .  ,  n  2  1 j  or  A ,  B  P  < h Sp( r Z ( H j )) ;  j  5  0 ,  2 ,  .  .  .  ,  n  2  1 j .  In the first
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 case (A2) holds by (A2) for Op 2 ( G ) . In the second case we use , moreover , the second
 statement of Lemma 5 . 2 to prove (A2) .  h
 C OROLLARY 5 . 7 .  If there exists a spanning  (2 i  2  1)- regular c - caterpillar G in Q X for
 some positi y  e i such that  h G j  is constructible , then  Op 3 ( G )  is a spanning  (2 i 1 1  2  1)-
 regular c - caterpillar in Q X  9  such that  h Op 3 ( G ) j  is constructible for any set X  9  with
 u X  9 u  >  u X  u  1  n  1  3 .
 We recall that in the third section a spanning 3-regular  c -caterpillar  C 2 in  Q 6 was
 constructed , for which  h C 2 j  is constructible . Define inductively  C i 1 1  5  Op 3 ( C i ) for
 i  5  2 ,  3 ,  .  .  .  ,  .
 C OROLLARY 5 . 8 .  C i 1 1  is a spanning  (2 n  1  1)- regular c - caterpillar in Q Z 9  , where
 n  1  1  5  2 i and  u Z 9 u  5  2 i 1 1  1  2 i .
 Corollaries 2 . 6 and 5 . 8 and Lemma 3 . 4 complete the proof of Theorem 1 . 1 .
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